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StructureThe buckling and the post-buckling behaviors of a perfect axially loaded column are analytically investi-
gated through a global bilinear moment–curvature elastoplastic constitutive law. Three plasticity cases
are studied, namely the linear hardening plasticity law, the perfect elastoplastic case and the softening
case. The applications of such a study can be found in various structural engineering problems, including
reinforced concrete, steel, timber or composite structures. It is analytically shown that for all kinds of
elastoplastic behaviors, the plasticity phenomena lead to a global softening branch in the load–deﬂection
diagram. The propagation of the plasticity zone during the post-buckling process is analytically
characterized in case of linear hardening or softening plasticity laws. However, it is shown that the
unphysical elastic unloading solution necessarily occurs in presence of local softening moment–curva-
ture constitutive law. A nonlocal plasticity moment–curvature softening law is then used to control
the localization branch in the post-buckling stage. This nonlocal plasticity law includes the explicit
and the implicit gradient plasticity law. Higher-order plasticity boundary conditions are derived from
an extended variational principle. Some parametric studies ﬁnally illustrate the main ﬁndings of this
paper, including the plasticity modulus effect on the post-buckling behavior of these plasticity structural
systems.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
This paper is focused on the buckling and post-buckling behav-
ior of elastoplastic columns with hardening or softening moment–
curvature constitutive law. Softening is understood in this study as
a decrease of the stress variable (or the bending moment variable
at the beam scale) for an increase of the strain variable (or the
curvature at the beam scale). This phenomenon typically arises
when the material loses its strength during a degrading loading
process. A lot of engineering applications are concerned by such
kind of elastoplastic moment–curvature models, which may be
used for characterizing the ultimate behavior of inelastic structural
elements.
Softening moment–curvature laws were probably ﬁrst intro-
duced for modeling cracking phenomena in reinforced concrete
beams (Wood, 1968). Such engineering bending moment–
curvature models can be useful for the fundamental understanding
of the collapse of structural members. For instance, these beam
models can be used to compute the global behavior of structuralmembers composed of quasi-brittle materials experiencing some
material softening phenomenon beyond a critical threshold
(reinforced concrete members, timber beams, composite
members . . . see for instance Wood (1968), Bazˇant (1976), Jirásek
and Bazˇant (2002), Bazˇant and Cedolin (2003), Casandjian et al.
(2013) and Hellesland et al. (2013)). On the other hand, geometri-
cal softening may also be modeled in a simpliﬁed unidimensional
approach, with such a bending-curvature constitutive law. This
geometrically nonlinear softening phenomenon is associated in
this case with the local buckling phenomenon of thin walled struc-
tured. For instance, the plastic buckling of tubes in bending, cou-
pled with the so-called ovalization phenomenon, can be modeled
with such a hardening–softening moment curvature relationship
(Calladine, 1982; Kyriakides and Ju, 1992; Yu et al., 1993; Reid
et al., 1998; Kyriakides et al., 2008; Poonaya et al., 2009). The
bending response of steel thin-walled members can also experi-
ence a softening stage induced by the local buckling phenomenon
(Mazzolani and Gioncu, 2002). The localization process in these
hardening–softening structural members has been already investi-
gated in details for bending problems, but the coupling between
softening and second-order geometrical effects at the beam scale
has not been investigated in details in the literature, to the author’s
knowledge, at least for plasticity structural systems.
V. Picandet et al. / International Journal of Solids and Structures 51 (2014) 4052–4067 4053To allow for analytical calculations, a linear hardening/softening
modulus is considered in this paper for the bending moment cur-
vature constitutive law. This is in concordance with the model of
Wood (1968) in case of linear softening applied to reinforced
concrete members. Vaz and Patel (2007) also studied a bilinear
bending moment–curvature law for ﬂexible pipes applications,
with a plasticity hardening branch. Linear hardening moment–
curvature can be also deduced at the beam cross section level from
local stress–strain relationship, as shown for instance by
Casandjian et al. (2013).
The bending behavior of such elastoplastic systems is well stud-
ied in the literature. In particular, it is shown since the seminal
work of Wood (1968) that a local elastoplastic softening
moment–curvature constitutive law leads to an unphysical elastic
unloading solution. It is now well accepted that a nonlocal model
including some additional length scales, has to be considered for
softening media (and also for softening beams). For instance,
Pijaudier-Cabot and Bazˇant (1987) developed a nonlocal Contin-
uum Damage Mechanics model to control the localization process
in the softening range. A lot of numerical results have been per-
formed for such nonlocal structural elements (see for instance
Jirásek and Bazˇant (2002)) but very few analytical results are
available for bending or buckling of nonlocal inelastic softening
elements. Such reference solutions are useful for a better under-
standing of the deep scenario of the localization process induced
by the softening part of the constitutive law.
Nonlocal plasticity can be implemented in a gradient-based or
integral-based version. The pioneer solutions for the gradient plas-
ticity models were probably ﬁrst elaborated by Mühlhaus and
Aifantis (1991) and de Borst and Mühlhaus (1992) for a homoge-
neous bar under uniaxial loading, exhibiting some speciﬁc periodic
localized solutions. Later, Challamel (2003) developed a gradient
plasticity moment–curvature model, and obtained some similar
localization solutions in case of uniform bending, controlled by
the beam length scales. Challamel et al. (2008) generalized these
solutions for the non-uniform bending of gradient plasticity or
nonlocal-based softening beams. Challamel et al. (2010) also
shown the link between gradient plasticity and nonlocal integral-
based plasticity, in an archetypal elastoplastic hardening–soften-
ing beam. Polizzotto (2007) obtained some other kinds of solutions
for a gradient plasticity model with hardening. The paper of
Peerlings (2007) should be also mentioned for a theoretical analy-
sis of a gradient plasticity beam under uniform bending. More
recently, Jirásek et al. (2013) obtained some new solutions for
the axial behavior of non-homogeneous gradient plasticity soften-
ing bars.
If the bending behavior of nonlocal elastoplastic beam systems
has been now well investigated, the stability behavior of such
enriched elastoplastic systems is probably less studied. This paper
aims at developing a rational analysis of the buckling and post-
buckling behavior of some straight columns, modeled by an elasto-
plastic hardening or softening moment–curvature model. A typical
application concerned by this model is the stability behavior of
reinforced concrete column. The coupling between material insta-
bility (associated with the local softening behavior) and structural
stability has not been exhaustively explored for such structural
problems. It is worth mentioning that the buckling and post-buck-
ling behavior of a column with a bilinear moment–curvature law
(with positive hardening) has been studied by Vaz and Patel
(2007) in a geometrically exact framework. More recently,
Challamel and Hellesland (2013) investigated the buckling and
post-buckling behavior of nonlocal Continuum Damage Mechanics
columns, and used asymptotic methods to highlight the speciﬁc
imperfection sensitive phenomenon.
In this paper, the buckling behavior of a clamped column with a
free end (cantilever column) is investigated. The column ismodeled by an elastoplastic moment–curvature law with or
without gradient terms. The gradient terms have been introduced
for regularizing the softening problem which would have been not
well-posed without this enriched constitutive law. The column is
assumed to be homogeneous with a length L and with a constant
cross section. An axially centered load P acts at the top of the per-
fect column (no initial imperfection for this problem). The
deﬂection of the column with respect to its fundamental state is
denoted by w(x) (see Fig. 1)
2. Differential equations
2.1. Governing equation
We ﬁrst start from the weak form of the equilibrium equations
via the principle of virtual work:Z L
0
Mdw00  Pw0dw0 ¼ 0 ð1Þ
leading to the direct equilibrium equations:
M00 þ Pw00 ¼ 0 ð2Þ
It is assumed that the behavior of the column is ruled by an
elastoplastic moment–curvature relationship with a linear harden-
ing (or linear softening), see Fig. 2. In case of softening, the gradient
plasticity terms are added for restoring the well-posedness of the
evolution problem (if the regularized problem still remains well-
posed).
The constitutive law at the cross section level may be written
from the bending moment–elastic curvature relationship:
M ¼ EIðw00  vpÞ ð3Þ
where the curvature v is related to the second-order derivative of
the deﬂection v ¼ w00, vp is the plastic curvature, and EI is the elastic
bending stiffness.
The loading function combines a gradient plasticity model with
a nonlocal integral-based plasticity model and is given by the fol-
lowing differential equation:
M  l2cM00 ¼ Mp þ kp vp þ a2v00p
 
ð4Þ
This loading function depends on two length scales, namely lc
and a. The gradient plasticity model is found for the speciﬁc case
lc = 0. Mp is the plastic moment; kp positive corresponds to a posi-
tive hardening behavior, whereas a negative value of kp corre-
sponds to a softening behavior. The perfect elastoplastic behavior
is associated with a vanishing plastic modulus kp = 0. Such kind
of nonlocal plasticity laws has been successfully used by
Challamel et al. (2008) or Challamel et al. (2010) for accurate com-
putation of the bending collapse of elastoplastic beams. This model
has been shown to be cast in a so-called micromorphic plasticity
framework (see Forest (2009) or Challamel et al. (2010)). It is
known that nonlocal plasticity can accurately control the post-
failure process in softening three-dimensional media (Jirásek and
Bazˇant, 2002). It has been shown that the nonlocal plastic loading
function considered in Eq. (4) can be used for softening moment–
curvature, in order to avoid localization in inﬁnitely small areas
along the beam (Challamel, 2008). Such kind of implicit gradient
dependent yield condition is also generally considered by
Aifantis (2011) for other applications at the material scale.
2.2. Elastic buckling and elastoplastic post-buckling
For sufﬁciently small curvatures after the buckling of the elasto-
plastic column, the column remains in its elastic phase, meaning
Pw(x)
x = L 
x
x = 0
x = l0
p >0
p =0
Fig. 1. Buckling of the cantilever column due to axially centered load, P.
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be considered:
jMð0Þj 6 Mp ) EIwð4Þ þ Pw00 ¼ 0 ð5Þ
with the following boundary conditions:
wð0Þ ¼ 0; w0ð0Þ ¼ 0; EIw00ðLÞ ¼ 0 and EIw000ðLÞ þ Pw0ðLÞ ¼ 0 ð6Þ
The buckling load, P = p2EI/4L2, is constant during the initial
elastic post-buckling range for sufﬁciently small curvatures (as
far as the linearized theory is considered). Note that the load would
not have been constant in a geometrically exact framework even in
the elasticity range, see also Vaz and Patel (2007) for a columnwith
bilinear moment–curvature analyzed in a geometrically exact
framework. In this paper, a small rotation theory is used, leading
to a more tractable linear boundary value problem. The elastoplas-
tic process has then to be considered for sufﬁciently large
curvatures, as detailed by:
p2
4
EI
L2
wðLÞP Mp ð7Þ
In the elastoplastic range, by considering the equilibrium equa-
tions, see Eq. (2), the local constitutive law, see Eq. (3), and by
introducing the non-locality criteria, see Eq. (4), a system of cou-
pled differential equations with two unknown ﬁelds (w,vp) is
obtained:Mp
py u
EI
0
kpEI/(kp+EI)
[m-1]
M [N.m]
Bending moment 
Curvature
with kp<0
Fig. 2. Elastoplastic bending moment–curvature law with a linear hardening
(kp > 0) or softening (kp < 0) behavior beyond the maximum elastic curvature jy.
The representation is based on the softening case, i.e. kp < 0.EI wð4Þ  v00p
 
þ Pw00 ¼ 0
EI w00  vp
 
¼ Mp þ kp vp þ a2v00p
 
þ l2cM00
8><
>: ð8Þ2.3. Dimensionless parameters
Thereafter, the following dimensionless parameters, normalized
with respect to the physical characteristics of the column, i.e.: L, E
and I are introduced to correspond to: longitudinal coordinate, x⁄;
limit of the plasticized zone, l0; characteristic lengths, a and kc;
deﬂection, w⁄; applied load, b; plastic curvature, vp; plastic
bending modulus, kp; and the dimensionless yield elastic curva-
ture, jY , associated to the plasticity moment, see Eq. (4) and Fig. 2.
x ¼ x
L
; l0 ¼
l0
L
; a ¼ a
L
; kc ¼ lcL ; w
 ¼ w
L
b ¼ PL
2
EI
; vp ¼ vpL; kp ¼
kp
EI
; jY ¼ jYL ¼
Mp
EI
L
ð9Þ
In this work, all parameters used and their associated dimensionless
parameters can be found in the provided nomenclature. It should be
noted that the derivatives of all dimensionless parameters,
annotated with prime, are thereafter considered with respect to
the dimensionless coordinate, x⁄, (i.e. @=@x). If the derivatives of
the dimensionless deﬂection are considered, the Eq. (8) can be
re-written as follow:
wð4Þ  v00p ¼ bw
00
w
00  vp ¼ jY þ kp vp þ a2v
00
p
 
 k2cbw
00
8<
: ð10Þ2.4. Differential equation of plastic curvature
The second equation of the system in Eq. (10) gives the second
order derivative of the deﬂection with respect to the plastic curva-
ture and its derivatives.
w
00 ¼
kpa2v
00
p þ 1þ kp
 
vp þ jY
1þ k2cb
  ð11Þ
By introducing this relationship in the loading function, the sec-
ond-order derivative of the deﬂection can be directly expressed by
the plastic curvatures and its derivatives as a fourth-order linear
differential equation for the plastic curvature:
a2kpv
ð4Þ
p þ kp  k2cbþ a2bkp
 
v00p þ b 1þ kp
 
vp ¼ bjY ð12Þ3. Resolution – perfect plasticity and hardening
In both cases, perfect plasticity or positive hardening plasticity,
the nonlocal plasticity law is not required, at least for deriving a
meaningful physical and well-posed solution. Since the plastic
bending modulus is assumed to be positive in this part, i.e.
kpP 0, the non-locality parameters introduced in Eq. (4) are
assumed to vanish, i.e. a = 0 and lc = 0. Of course, nonlocal plasticity
can be also introduced even in case of positive hardening, to cap-
ture for instance some speciﬁc scale effects. But one can say, that
these effects are less sensitive for positive hardening compared
to the solution of the softening case.
3.1. Perfect elastoplastic problem, (kp = 0)
The border case is the perfect elastoplastic problem without
hardening. This problem has been also treated by Challamel
(2009) who also combined a lateral load with the axial buckling
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column behaves elastically, with a moment at the clamped section
which is equal to the plastic moment. The perfect elastoplastic evo-
lution problem is then obtained from the ‘‘elastic’’ differential
equation.
wð4Þ þ bw00 ¼ 0 ð13Þ
From this fourth-order differential equation, the general
solution of the dimensionless deﬂection, w⁄(x⁄) depends on four
(A1,A2,A3,A4):
wðxÞ ¼ A1 þ A2x þ A3 cos x
ﬃﬃﬃ
b
p 
þ A4 sin x
ﬃﬃﬃ
b
p 
ð14Þ
The four boundary conditions of the clamped-free column stud-
ied in this paper are:
wð0Þ ¼ 0; w00 ð0Þ ¼ jY ; w
00 ð1Þ ¼ 0; and w000 ð1Þ þ bw0 ð1Þ ¼ 0
ð15Þ
The identiﬁcation of the four parameters leads to the elastoplas-
tic solution which is equivalent to introducing a zero-length plas-
ticity hinge as usually performed in limit analysis design:
wðxÞ ¼ j

Y
b
 j

Y
b
cos x
ﬃﬃﬃ
b
p 
þ j

Y
b tan
ﬃﬃﬃ
b
p sin x
ﬃﬃﬃ
b
p 
ð16Þ
If the dimensionless tip deﬂection, d⁄, is higher than the one
obtained at the limit of elasticity, de , the corresponding dimen-
sionless deﬂection of the free end of the column, d⁄ =w⁄(1),
can be reduced to the following basic relationship, plotted as a
reference solution in all tip deﬂection–load diagrams in this
study.
if d P de ¼
4jY
p2
) b ¼ j

Y
d
ð17Þ3.2. Positive hardening with a local constitutive law (kp > 0)3.2.1. General equation of the deﬂection
Since the nonlocal length scales are vanishing for the ‘‘local’’
hardening law, i.e. a = 0 and kc = 0, the fourth-order differential
equation for the plastic curvature given by Eq. (12) is reduced to
a second-order linear differential equation.
v00p þ b
1
kp
þ 1
 !
vp ¼ 
b
kp
jY ð18Þ
The columns can be split in two parts, see Fig. 1. The ﬁrst one,
from the clamped end to the elastoplastic boundary x = l0, i.e.
x 2 [0, l0], is assumed to be in the plasticity range, i.e. vpP 0, while
the other part, from l0 to the free end, i.e. x 2 [l0,L], remains elastic
i.e. vp = 0.
Since kpP 0, the dimensionless plastic curvature can be
expressed in trigonometric format depending on two constants
B3 and B4 as follow:
vp ¼ B3 cos x
ﬃﬃﬃﬃﬃﬃ
qþ
p 
þ B4 sin x
ﬃﬃﬃﬃﬃﬃ
qþ
p 
 j

Y
1þ kp
ð19Þ
with, (as reminded in the nomenclature):
qþ ¼ b 1
kp
þ 1
 !
ð20Þ
If x 2 [0, l0[, vp and w⁄ are related by Eq. (11) with kc = 0 and
a = 0. The dimensionless deﬂection named as w⁄(x⁄) in the ﬁrst
part of the column where vp > 0, see Fig. 1, depends then on four
constant parameters: B1, B2, B3, B4 as follow:w ¼ B1 þ B2x 
kp
b
B3 cos x
ﬃﬃﬃﬃﬃﬃ
qþ
p þ B4 sin x ﬃﬃﬃﬃﬃﬃqþp h i ð21Þ
Along the upper part of the column, the bending behavior
remains in the elastic range, i.e. vp = 0 for x 2 [l0,L]. The dimension-
less deﬂection denoted by w⁄+(x) in this elastic zone is deduced
from the differential equation given by Eq. (13), and depends on
four constant parameters: C1, C2, C3, C4 as follow:
wþ ¼ C1 þ C2x þ C3 cos x
ﬃﬃﬃ
b
p 
þ C4 sin x
ﬃﬃﬃ
b
p 
ð22Þ3.2.2. Boundary conditions
To solve the deﬂections of the column in both parts, the nine
following boundary conditions are needed to determine the nine
unknown parameters used in Eq. (21) and Eq. (22): B1, B2, B3, B4,
C1, C2, C3, C4 and l0.
The clamped conditions at the bottom of the column are char-
acterized by the absence of deﬂection, Eq. (23-a), and the absence
of rotation, Eq. (23-b):
wð0Þ ¼ 0; ð23-aÞ
w
0 ð0Þ ¼ 0; ð23-bÞ
The continuity conditions at the elastoplastic interface (x = l0),
between the plasticity and the elastic parts of the column, are
expressed by the vanishing of the plastic curvature at this transi-
tion point, Eq. (24-a), the continuity of the deﬂection, Eq. (24-b),
and of its ﬁrst and second order derivative, Eqs. (24-c) and (24-d)
(i.e. the continuity of rotation and of bending moment), and the
continuity of the shear force, Eq. (24-e):
vpðl0Þ ¼ 0 ð24-aÞ
wðl0Þ ¼ wþðl0Þ ð24-bÞ
w
0 ðl0Þ ¼ wþ
0 ðl0Þ ð24-cÞ
w
00 ðl0Þ ¼ wþ
00 ðl0Þ ð24-dÞ
w
000 ðl0Þ  v
0
P ðl0Þ þ bw
0 ðl0Þ ¼ wþ
000 ðl0Þ þ bwþ
0 ðl0Þ ð24-eÞ
The free end boundary conditions at the top of the column, are
associated with the vanishing of both the bending moment, Eq.
(25-a), and additional shear force, Eq. (25-b), i.e. the static equilib-
rium involves the shear force is equal to – Pw0(1).
wþ
00 ð1Þ ¼ 0 ð25-aÞ
wþ
000 ð1Þ þ bwþ0 ð1Þ ¼ 0 ð25-bÞ3.2.3. Propagation of the plasticity zone, l0
The boundary conditions in Eqs. (23-b), (24-e) and (25-b) lead to
the following simpliﬁcation:B2 = B4 = C2 = 0. Theotherboundary con-
ditions, lead to the following propagation law of the plasticity zone:ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kp
1þ kp
s
tan
ﬃﬃﬃ
b
p
1 l0
 h i
tan l0
ﬃﬃﬃﬃﬃﬃ
qþ
p  ¼ 1 ð26Þ
It is worth mentioning that the relationship between l0 (or l0/L
ratio) and b does not depend on the yield elastic curvature, (i.e.
independent of jY). It can be checked that the characteristic elastic
point ðl0 ¼ 0; b ¼ p2=4Þ is solution of Eq. (26) since:
l0 ! 0)
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
kp
þ 1
s !
cos
ﬃﬃﬃ
b
p
1 l0
 h i
cos l0
ﬃﬃﬃﬃﬃﬃ
qþ
p 
! 0) b! p
2
4
ð27Þ
4056 V. Picandet et al. / International Journal of Solids and Structures 51 (2014) 4052–4067The post-buckling elastoplastic process starts at the elastic
buckling load, where the length of the plasticity zone is initially
vanishing and then, the plasticity zone grows during the hardening
plastic process.
The function b ¼ f ðl0Þ deduced from Eq. (26) presents some dis-
continuities. Since we limit our study to the ﬁrst buckling mode,
the ﬁrst discontinuity is observed when
ﬃﬃﬃﬃﬃﬃ
qþ
p
l0 ! p=2. If
l0 20;p=2
ﬃﬃﬃﬃﬃﬃ
qþ
p ½, the function b ¼ f ðl0Þ ﬁnds a unique solution for
b that ranges within the interval [0;p2/4]. This unique solution
can be accurately computed using numerical methods, such as
secant methods as used in this study.
It should be noted that the plasticity process starts when b = p2/4
and may propagate along the whole length L when l0? L. In such
case, Eq. (26) leads to:
l0 ! 1) tan
p
2

ﬃﬃﬃﬃﬃﬃ
qþ
p 
! 0) b! p
2
4
kp
1þ kp
¼ bf ð28Þ
The propagation of the plasticity zone ends when l0 reaches L,
i.e. when b reaches the minimum load capacity of the column
remaining at the end of the post buckling path, i.e. beyond the elas-
tic point, b decreases and tends toward the ﬁnal post-buckling
load, bf. Since l0 cannot be greater than L, bf is the minimum bear-
ing load at the end of the post buckling path. It is worth to note
that bf corresponds to the tangent modulus buckling load as intro-
duced by Engesser (see Bazˇant and Cedolin (2003)). In order to
compare the propagation laws according to kp within the interval
b 2 ½bf ;p2=4 a normalized dimensionless load is introduced:
bþ ¼ bf  b
bf  p24
¼ b 4
p2
1þ kp
 
 kp ð29Þ
The dimensionless length of the plasticized zone, l0, i.e. the l0/L,
ratio is ﬁrst plotted vs. b in Fig. 3 and ﬁnally plotted vs. the normal-
ized load b+ in Fig. 4. It is shown that the plasticity length, l0,
increases during the yield process which is associated with a
decreasing of the dimensionless load b.
Otherwise, it is worth mentioning that the elastic limit case is
obtained for:
kp !1) tan
ﬃﬃﬃ
b
p
1 l0
 h i
tan l0
ﬃﬃﬃ
b
p 
! 1) b! p
2
4
ð30Þ
And the perfect elastoplastic limit case is obtained for:
kp ! 0) l0 ! 0. It is conﬁrmed that plasticity localizes in a zero-
length hinge in case of perfect plasticity constitutive law (i.e.
kp ! 0).
3.2.4. Load–deﬂection relationship
The parameters of the general solution of the deﬂection given in
Eq. (21) can be determined as follow for the lower plasticized part,
if x 2 [0; l0[. The boundary conditions in Eqs. (23-a) and (24-a) lead
respectively to:
B1 ¼
kp
b
B3 with B3 ¼
jy
ð1þ kpÞ cos l0
ﬃﬃﬃﬃﬃﬃ
qþ
p  ; ð31Þ
The parameters of the general solution of the deﬂection given in
Eq. (22), for the upper part, i.e. for x 2 [l0,L] are determined using
boundary conditions in Eqs. (24-b), (25-a) and (24-d) leading
respectively to:
C1 ¼
jy
qþ
1
kp
þ 1
cos l0
ﬃﬃﬃﬃﬃﬃ
qþ
p 
" #
and
C3 ¼  tan
ﬃﬃﬃ
b
p 
C4 with
C4 ¼
jy
b tan
ﬃﬃﬃ
b
p 
cos l0
ﬃﬃﬃ
b
p  sin l0 ﬃﬃﬃbp   ð32ÞThe dimensionless tip deﬂection, d⁄ = w⁄+(1), can be ﬁnally
written:
d ¼ C1 þ C2 þ C3 cos
ﬃﬃﬃ
b
p
þ C4 sin
ﬃﬃﬃ
b
p
¼ C1 ð33Þ
q+, deﬁned in Eq. (19) can be written according to b and bf, deﬁned
in Eq. (28):
qþ ¼ p
2
4
b
bf
ð34Þ
This dimensionless loading factor can be substituted in Eq. (32)
to give from Eq. (33) the dimensionless load–tip deﬂection
relationship:
d ¼ j

Y
b 1þ kp
  1þ kp
cos p2 l

0
ﬃﬃﬃ
b
bf
q 
2
64
3
75 ð35Þ
The dimensionless load, b, is plotted according to the
dimensionless deﬂection ratio d=jY for various values of k

p in
Fig. 5. It can be checked that the characteristic elastic point
ðd ¼ 4jY=p2; b ¼ p2=4Þ is solution of Eq. (35).
It is worth to note that if l0 ! 0 and kp ! 0 then d ! jY=b, i.e.
there is a continuity with the perfect elastoplastic case, established
in Section 3.1 and Eq. (17). On the other hand, if l0 ! 1 then, as
shown in Eq. (28), b? bf, and Eq. (35) leads to d
 ! 1. This point
conﬁrms that the load decreases toward the minimum load capac-
ity of the column at the end of the post-buckling path, bf. Some
asymptotic values in such a case with kp > 0, are reported along
the ends of some load–deﬂection curves plotted in Fig. 5, with
kp = 1; 3; 10 and 30, to illustrate the asymptotic tendency of b.
Moreover, when kp ! þ1, the tangent bending modulus tends
toward EI beyond jY , i.e. like in the perfect elastic case with no
elastic yield curvature. Since only small rotation theory is used in
this study, the post-buckling behavior tends to be perfectly elastic
and b appears constant, i.e. b = p2/4, whatever the considered
deﬂection, as demonstrated in Eq. (30) and shown in Fig. 5.4. Resolution – softening with the gradient plasticity law
4.1. Wood’s paradox in case of local softening
It can be shown that the consideration of a local softening elas-
toplastic bending-curvature law leads to Wood’s paradox for the
post-buckling problem. In other words, the plasticity zone cannot
propagate within a ‘‘local’’ softening law, and a nonlocal plasticity
is need to overcome this paradox.
The proof of Wood’s paradox in this post-buckling problem can
be obtained from the continuity of the plastic curvature along the
elastoplastic boundary x ¼ l0:
vpðl0Þ ¼ 0 ) Mðl0Þ ¼ Mp ð36Þ
From the equilibrium equations for the fundamental buckling
mode, the gradient of the bending moment is negative, and then
the bending moment is a decreasing function with respect to the
spatial coordinate:
M0 ¼ Pw0 6 0 ) Mð0ÞP Mp ð37Þ
However, from the local softening constitutive law, the bending
moment is necessarily lower than the yield moment Mp
MðxÞ 6 Mp ð38Þ
It means that the plasticity length is necessarily vanishing for a
local softening plasticity law l0 ¼ 0. In other words, the elastic
unloading solution is the only one induced by the ‘‘local’’ character
of the constitutive law.
Fig. 3. Propagation of the dimensionless plasticity length, l0, along the column according to the dimensionless load b, for various positive values of k

p (local hardening case).
Fig. 4. Propagation of the dimensionless plasticity length, l0, along the column according to the normalized dimensionless load b
+, for various positive values of kp (local
hardening case).
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In case of softening behavior at the section scale, kp < 0, the tan-
gent modulus is negative, but the plastic bending modulus has also
to satisfy another inequality: kp > EI to be physically consistent
and avoid any local snap back. As a consequence, the dimension-
less plastic modulus deﬁned in Eq. (9) ranges from 1 to 0 in case
of softening, i.e. 1 < kp < 0.
In the following, the non local softening plasticity constitutive
law in Eq. (4) will be considered. In order to solve the fourth-order
linear differential equation of the plastic curvature given into
Eq. (12), the positive parameter x is introduced:
x ¼ bþ 1
a2
 k
2
cb
a2kp
ð39Þ
The Eq. (12) can be now reduced to:vð4Þp þxv
00
p þ
qþ
a2
vp ¼ 
bjY
a2kp
ð40Þ
It should be noted that qþ deﬁned in Eq. (20) is negative since
1 < kp < 0. If a > 0, two additional real parameters q1 et q2
respectively positive and negative are introduced to solve the
two equivalent second-order differential equations:
q1 ¼ 
x
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
4
 q
þ
a2
r
; q2 ¼ 
x
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
4
 q
þ
a2
r
ð41Þ
The general solution of the plastic curvature differential equa-
tion, see Eq. (40), according to the dimensionless coordinate, x⁄,
depends on four constants D3, D4, D5 and D6:
vp ¼ D3 cosh x
ﬃﬃﬃﬃﬃﬃ
q1
p þ D4 sinh x ﬃﬃﬃﬃﬃﬃq1p 
þ D5 cos x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p þ D6 sin x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p  jY1þ kp ð42Þ
Fig. 5. Dimensionless load, b, according to the normalized tip displacement, d=jY , for various positive values of the dimensionless hardening modulus k

p (local hardening
case).
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deﬂection named as w⁄(x⁄) in the ﬁrst part of the column, where
vpP 0, see Fig. 1, depends then on the six constant parameters:
D1–D6 as follow:
w ¼ u1 D3 cosh x
ﬃﬃﬃﬃﬃﬃ
q1
p þ D4 sinh x ﬃﬃﬃﬃﬃﬃq1p h i
þu2 D5 cos x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p þ D6 sin x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p h iþ D2x þ D1
ð43Þ
where u1 and u2 are deﬁned by:
u1 ¼
a2kpq1 þ 1þ kp
q1 1þ k2cb
  and u2 ¼ a2k

pq2 þ 1þ kp
q2 1þ k2cb
  ð44Þ
Along the upper part of the column, vp is vanishing, i.e. vp = 0 if
x 2 [l0,L], see Fig. 1. The general solution of the dimensionless
deﬂection named as w⁄+(x) in this elastic zone is similar to the
one obtained in Eq. (13), and depends on the four constant param-
eters: E1, E2, E3, and E4 as follow:
wþ ¼ E1 þ E2x þ E3 cos x
ﬃﬃﬃ
b
p 
þ E4 sin x
ﬃﬃﬃ
b
p 
ð45Þ4.3. Boundary conditions
To solve the deﬂections of the column in both parts, the eleven
following boundary conditions are needed to determine the eleven
unknown parameters used in Eqs. (43) and (45): D1–D6, B1–B4 and
l0.
The nonlocal model introduced in Eq. (4) assumes a nonlocal
plastic curvature vp based on the Eringen’s type of differential
equation, initially appearing for nonlocal elasticity, (Eringen,
1983), later used for nonlocal implicit gradient plasticity models
by Engelen et al. (2003).
vp  l2cvp 00 ¼ vp ð46Þ
As a consequence, Eq. (4) can be also re-written as follow (see
the Appendix A):
M ¼ Mp þ kp vp þ a2vp 00
 
¼ Mp þ kp 1þ a
2
k2c
 !
vp 
a2
k2c
vp
" #
ð47ÞThe two additional boundary conditions (so-called higher-order
boundary conditions) in addition to the nine boundary conditions
previously presented in Section 3.2.2 valid for a ‘‘local’’ hardening
constitutive law, are relative to the derivative of the nonlocal plas-
tic curvature, vp 0 which can be expressed with respect to the
higher-order micromorphic plastic moment. Considering the deriv-
ative of the local constitutive law presented in Eq. (3) and of the
non-locality criteria in Eq. (4), vp 0 can be expressed according to
the derivative of plastic curvature v0p and the third-order derivative
of the deﬂection, w000, in both cases (see Appendix A). These higher-
order boundary conditions can be derived from a variational prin-
ciple and are valid at the boundaries of the elastoplastic domain,
see Eq. (A-12).
– The ﬁrst higher-order boundary condition in complement to
those given in Eq. (23), concerns the clamped section at the bot-
tom of the column (x = 0):
vp
0ð0Þ ¼ 0) k2c wþ
000 ð0Þ  v0p ð0Þ
h i
þ a2kpv
0
p ð0Þ ¼ 0 ð48Þ
– The second additional boundary condition in complement to
those given in Eq. (24), is valid at the elastoplastic boundary
(x = l0):
vp
0 l0
  ¼ 0) k2c wþ000 l0  v0p l0 h iþ a2kpv0p l0  ¼ 0 ð49Þ
These higher-order boundary conditions can be understood as
free micromorphic forces conditions along the boundaries of the
elastoplastic domain. Finally, the boundary conditions at the free
end of the column are the same than those presented in Eq. (25),
in case of hardening constitutive law.
4.4. Propagation of the plasticized zone
The boundary conditions Eqs. (48) lead to D2 = D4 = D6 = E2 = 0.
The other boundary conditions lead to the following propagation
law of the plasticized zone:
ﬃﬃﬃﬃﬃﬃ
b
q1
s
tan
ﬃﬃﬃ
b
p
1 l0
 h i
tanh l0
ﬃﬃﬃﬃﬃﬃ
q1
p  ¼
u1
u2
K
ﬃﬃﬃﬃﬃﬃﬃq2p tanh l0 ﬃﬃﬃﬃq1p ﬃﬃﬃﬃ
q1
p
tan l0
ﬃﬃﬃﬃﬃﬃﬃq2p 
u1
u2
K
ð50Þ
Fig. 6. Propagation of the dimensionless plasticity length, l0, along the column according to the dimensionless load bwith k

p ¼ 0:2 and for various values of a, in case of pure
gradient plasticity model and in case of two-scale nonlocal plasticity model with a/kc = 1.
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parameter:
K ¼ a
2k2c k

pq1 þ a2k2cbkp þ k2c kp þ a2kp  k4cb
a2k2c k

pq2 þ a2k2cbkp þ k2c kp þ a2kp  k4cb
ð51Þ
It appears that the relationship between l0 (or l0/L ratio), the
plasticity localization width, with respect to b, the dimensionless
load parameter, does not depend on the yield elastic curvature,
(i.e. is independent of jY). It can be checked, using Taylor series
on the right side of the Eq. (50), that the following point
ðl0 ¼ 0; b ¼ p2=4Þ, so-called elastic point, is solution, as shown
with Eq. (26), since:Fig. 7. Propagation of the normalized plasticity length, l0=pa, along the column accordin
pure gradient plasticity model and in case of two-scale nonlocal plasticity model with al0 ! 0)
ﬃﬃﬃﬃﬃﬃ
b
q1
s
tan
ﬃﬃﬃ
b
p
1 l0
 h i
tanh l0
ﬃﬃﬃﬃﬃﬃ
q1
p ! 1
) cos
ﬃﬃﬃ
b
p
1 l0
 h i! 0) b! p2
4
ð52Þ
The post-buckling elastoplastic process starts at the elastic buckling
load, (b ¼ p2=4 for the clamped-free column) as the length of the
plasticity zone is initially vanishing. Then, the plasticity zone grows
during the nonlocal softening plastic process.
The function b ¼ f ðl0Þ deduced presents a ﬁrst discontinuity on
the right side of the Eq. (50), when l0 grows, starting from the
elastic characteristic point. Since we limit our study to the ﬁrstg to the dimensionless load b with kp ¼ 0:2 and for various values of a, in case of
/kc = 1.
Fig. 8. Propagation of the normalized plasticity length, l0=pa, along the column according to the dimensionless load bwith a = 0.1 and for various values of k

p , in case of pure
gradient plasticity model and in case of two-scale nonlocal plasticity model with a/kc = 1.
Fig. 9. Propagation of the normalized plasticity length, l0=pa, along the column according to the dimensionless load bwith a = 0.1, k

p ¼ 0:2, and for various values of length
scale ratio a/kc.
4060 V. Picandet et al. / International Journal of Solids and Structures 51 (2014) 4052–4067buckling mode, it can be shown that for l0 2 0;p=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p , the
function b ¼ f ðl0Þ ﬁnds a unique solution for b, that ranges in
the interval [p2/4;0]. This unique solution can be accurately com-
puted using numerical methods, such as secant method.
In case of pure gradient plasticity model, kc is null or a/kc?1.
Introducing this assumption in Eq. (51) leads to K = 1. Then, Eq.
(50) can be also written directly according to the roots q1 and
q2 as follow:
1þ
ﬃﬃﬃﬃﬃﬃ
q1
b
r
tan
ﬃﬃﬃ
b
p
1 l0
 h i
tanh l0
ﬃﬃﬃﬃﬃﬃ
q1
p 
¼ q

2 bþ q1
 
b q2  q1
  1þ ﬃﬃﬃﬃﬃﬃq1
q2
r
tanh l0
ﬃﬃﬃﬃﬃﬃq1p 
tan l0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p 
" #
ð53ÞIt should be noted that pure nonlocal model, i.e. a = 0 and
kc– 0, is not suitable in such problem, since the resolution of Eq.
(12) needs a– 0 if kp is negative, i.e. in softening cases.
The evolution of plasticity zone of the beam according to the
dimensionless load parameter is plotted for various values of a in
case of pure gradient plasticity model, i.e. a/kc?1, and in case
of two-scale nonlocal plasticity model with a/kc = 1, see Fig. 6.
It is worth to note that the maximum length of the plasticity
zone, reached at the end of the post-buckling path, i.e. when
b? 0, depends only on a. Since, q2 ! 1=a2, q1 ! 0, and
u1q1 ! 1þ kp, a multiplication of the numerator and denominator
by q1 =q2 of the right side of Eq. (50), and a multiplication by
ﬃﬃﬃﬃﬃﬃq1p
of both terms lead to:
b! 0) tan l0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p ! 0) l0 ! pa ð54Þ
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malized according to l0=pa in order to compare these propagations
for various values of a. in Fig. 7. As expected, the plasticity length
decreases when a decreases and its propagation is sharper. The col-
umns asymptotically behaves as a columnwith a local softening law
when a is sufﬁciently small, and presents a more brittle response.
Fig. 8 shows that the plasticity length tends to remain located
very closed to the clamped base of the column if kp ! 0, in accor-
dance with results obtained in case of perfect plasticity in Section
3.1. Otherwise, it is worth to note that in case of elastic brittle
material, for kp ! 1, the localization length l0 tends to be con-
stant during the softening process and is equal to pa.
Comparisons within Figs. 6–8 show that the plasticity length
tends to increase when the scale ratio, a/kc, increases. Fig. 9 con-
ﬁrms this observation with more details. As a consequence, the
introduction of the nonlocal length scale kc moderates the spread-
ing of the plasticity length.
4.5. Load–deﬂection relationship
The parameters of the general solution of the deﬂection given in
Eq. (43) can be determined as follow within the plasticity zone, if
x 2 [0, l0[. The boundary conditions in Eq. (49) and in Eq. (24-a) lead
respectively to:
D3 ¼
jY
1þkp
1
cosh l0
ﬃﬃﬃﬃ
q1
p 
1þ K
ﬃﬃﬃﬃ
q
1
pﬃﬃﬃﬃﬃﬃﬃq2p
tanh l0
ﬃﬃﬃﬃ
q1
p 
tan l0
ﬃﬃﬃﬃﬃﬃﬃq2p 
ð55Þ
and
D5 ¼
jY
1þkp
1
cos l0
ﬃﬃﬃﬃﬃﬃﬃq2p 
1þ
ﬃﬃﬃﬃﬃﬃﬃq2p
K
ﬃﬃﬃﬃ
q1
p tan l

0
ﬃﬃﬃﬃﬃﬃﬃq2p 
tanh l0
ﬃﬃﬃﬃ
q1
p 
ð56Þ
The boundary conditions in Eq. (23-a) gives also:Fig. 10. Dimensionless load, b, according to the normalized tip displacement, d=jY , in
bending modulus kp .D1 ¼ u1D3 u2D5 ð57Þ
The parameters of the general solution of the deﬂection given in
Eq. (45), for the upper part (elasticity zone), if x 2 [l0,L] are deter-
mined using boundary conditions Eqs. (25-a) and (24-d) leading
respectively to:
E3 ¼ E4 tan
ﬃﬃﬃ
b
p
with
E4 ¼
D3u1q1 cosh l

0
ﬃﬃﬃﬃﬃﬃq1p þ D5u2q2 cos l0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p 
b tanð ﬃﬃﬃbp Þ cos l0 ﬃﬃﬃbp  sin l0 ﬃﬃﬃbp   ð58Þ
and the boundary conditions Eq. (24-b) ﬁnally gives:
E1 ¼ D3u1 cosh l0
ﬃﬃﬃﬃﬃﬃ
q1
p 
1þ q

1
b
	 

 1
 
þ D5u2 cos l0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq2p  1þ q2b
	 

 1
 
ð59Þ
The dimensionless tip deﬂection, d⁄ = w⁄+(1), can be therefore
written as follow:
d ¼ E1 þ E2 þ E3 cos
ﬃﬃﬃ
b
p
þ E4 sin
ﬃﬃﬃ
b
p
¼ E1 ð60Þ
and, according to Eq. (59), the dimensionless displacement is ﬁnally
obtained from:
d ¼ j

Y
1þkp
u1 1þ
q1
b  1
cosh l0
ﬃﬃﬃﬃ
q
1
p 
0
@
1
A
1þK
ﬃﬃﬃﬃ
q1
pﬃﬃﬃﬃﬃﬃﬃq2p
tanh l0
ﬃﬃﬃﬃ
q1
p 
tan l0
ﬃﬃﬃﬃﬃﬃﬃq2p 
þ
u2 1þ
q2
b  1
cos l0
ﬃﬃﬃﬃﬃﬃﬃq
2
p 
0
@
1
A
1þ
ﬃﬃﬃﬃﬃﬃﬃq2p
K
ﬃﬃﬃﬃ
q1
p tan l

0
ﬃﬃﬃﬃﬃﬃﬃq2p 
tanh l0
ﬃﬃﬃﬃ
q1
p 
2
66666664
3
77777775
ð61Þ
The dimensionless tip displacement, depends both on jY and b.
d⁄ can be also normalized with respect to the dimensionless yield
curvature d=jY for various values of k

p, a and kc in the next ﬁgures
(Figs. 10–16).
It can be checked, using Taylor series, that the characteristic
elastic point d ¼ 4jYp2 ; b ¼ p
2
4
 
is solution of Eq. (61) since:
l0 ! 0) d !
jY
b
ð62Þcase of pure gradient plasticity model with a = 0.1 and for various negative plastic
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Eq. (51) leads to K = 1 and Eq. (44) gives:
u1 ¼ a2kp þ
1þ kp
q1
¼  k

p
b
1þ a2q1
  ð63Þ
and:
u2 ¼ a2kp þ
1þ kp
q2
¼  k

p
b
1þ a2q2
  ð64Þ
Introducing Eqs. (63) and (64) into Eq. (62), the dimensionless
tip displacement in case of pure gradient plasticity model (lc = 0),
can be then written directly according to the roots q1 and q2 as
follow:Fig. 11. Dimensionless load, b, according to the normalized tip displacement, d=j
Fig. 12. Dimensionless load, b, according to the normalized tip displacement, d=jd ¼ j

Yk

p
b 1þ kp
 
1þ a2q1
  1cosh l0 ﬃﬃﬃﬃq1p  
q
1
b 1
1þ
ﬃﬃﬃﬃ
q
1
pﬃﬃﬃﬃﬃﬃ
q
2
p tanh l

0
ﬃﬃﬃﬃ
q
1
p 
tan l
0
ﬃﬃﬃﬃﬃﬃ
q
2
p 
þ 1þ a2q2
  1cos l0 ﬃﬃﬃﬃﬃﬃq2p  
q
2
b 1
1þ
ﬃﬃﬃﬃﬃﬃ
q
2
p ﬃﬃﬃﬃ
q
1
p tan l

0
ﬃﬃﬃﬃﬃﬃ
q
2
p 
tanh l
0
ﬃﬃﬃﬃ
q
1
p 
2
66666666666666664
3
77777777777777775
ð65Þ
This relationship has been previously demonstrated in another
way in case of pure gradient plasticity model by Picandet et al.
(2013). As previously observed in case of positive hardening
Y , with a = 0.1, a/kc = 2
1/2 and for various negative plastic bending modulus kp .

Y , with a = 0.1, a/kc = 1 and for various negative plastic bending modulus k

p .
Fig. 13. Dimensionless load, b, according to the normalized tip displacement, d=jY , in case of pure gradient plasticity model with k

p ¼ 0:2 and for various values of a.
Fig. 14. Dimensionless load, b, according to the normalized tip displacement, d=jY , with k

p ¼ 0:2, a/kc = 21/2 and for various values of a.
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sionless displacement d=jY is considered to study the dimension-
less load–tip deﬂection relationship.
4.6. Parametric study
Dimensionless tip displacements plotted in Figs. 10–16 present
the general post-buckling path with various parameters such as
length scale ratios a/kc, the plastic bending modulus k

p and the gra-
dient plasticity parameter a. Focus on the beginning of the post
buckling path close to the elastic point with the same parameters
is also shown in each ﬁgure while the perfect elastoplastic case, i.e.
kp = 0 and a = kc = 0, is always plotted as reference, see Section 3.1.The dimensionless tip displacement in case of pure gradient
plasticity model, i.e. a/kc?1, is ﬁrst plotted for various values
of kp and a, in Fig. 10 and in Fig. 13 respectively. The tip displace-
ments, in case of two-scale nonlocal plasticity are also consecu-
tively plotted with two length scale ratios: a/kc =
ﬃﬃﬃ
2
p
; in Figs. 11
and 14, and a/kc = 1, in Figs. 12 and 15.
To compare the inﬂuence of the plastic bending modulus, kp and
of the gradient plasticity parameter, a, with a given length scale
ratio, the reference setting values of each dimensionless parameter
are ﬁxed to a constant values: kp = 0.2 and a = 0.1. These refer-
ence values are considered as representative of many engineering
cases, such as the buckling of usually designed column of rein-
forced concrete.
Fig. 15. Dimensionless load, b, according to the normalized tip displacement, d=jY , with k

p ¼ 0:2, a/kc = 1 and for various values of a (nonlocal softening case).
Fig. 16. Dimensionless load, b, according to the normalized tip displacement, d=jY , with a = 0.1, k

p ¼ 0:2, and for various values of length scale ratio a/kc.
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Figs. 10–12 show that the global load–deﬂection relation-
ship deviates gradually from the perfect elastoplastic case
when kp decreases toward 1, especially when a/kc <
ﬃﬃﬃ
2
p
and
b < 1.5.
Close to the elastic point, whatever the length scale ratio, a
greater deviation of the post buckling path from the perfect elasto-
plastic case is observed when kp decreases toward 1. On the
opposite boundary, the ﬁgures illustrate the continuity of the
load–deﬂection relationship according to kp since the global post
buckling paths tend always toward the perfect elastoplastic behav-
ior when kp ? 0.4.6.2. Inﬂuence of the length scales
Figs. 13–15 show that increasing length scales reduce the snap
back of the global load–deﬂection relationship, especially with the
highest length scale ratios, i.e. when the gradient model is domi-
nant. In particular, if a/kc <
ﬃﬃﬃ
2
p
, a has a signiﬁcant inﬂuence on
the beginning of the post buckling path. Actually, the decrease of
kp magniﬁes the effect of an initiation of the length scale and vice
versa.
4.6.3. Inﬂuence of characteristic length scale ratios a/kc
It is numerically observed a snap back, appearing at the begin-
ning of the post buckling path if a/kc <
ﬃﬃﬃ
2
p
, while a slight hardening
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ﬃﬃﬃ
2
p
since the dimensionless load
parameter is surprisingly above the perfect elastoplastic case.
Introduction of the second length scale, kc, allow to regulate this
apparent hardening effect, also observed in Challamel et al.
(2008), which is probably induced by the gradient plasticity model
on the load–deﬂection relationship. Moreover, numerical results
show that the load–deﬂection relationship tends asymptotically
toward those of the perfect elastoplastic case if a/kc =
ﬃﬃﬃ
2
p
. In
another way, the initial snap back is magniﬁed when the integral
nonlocal model becomes dominant, i.e. with the lowest length
scale ratio a/kc.
These observations can be noticed in the previous ﬁgures show-
ing a closer look of the beginning of the post buckling. A more clo-
ser look would be however needed to make the same deduction
with the highest values of kp. The effect of the length scale ratio
on the global post buckling path and on its initiation are shown
in Fig. 16 with more details.
Generally, the length scale ratio has a moderate effect on the
global load–deﬂection relationship but has a signiﬁcant effect close
to the elastic point. Therefore, the introduction of the second
length scale, kc, allows to efﬁciently regulate the theoretical initial-
ization of the post buckling path according to the internal charac-
teristics of the material.5. Conclusion
In this paper, the behavior of an axially loaded elastoplastic
column is studied within a simple elastoplastic moment–curva-
ture constitutive law. The applications of such a study can be
found in various structural engineering problems, including rein-
forced concrete, steel, timber or composite structures. The post-
buckling is studied for a local or a nonlocal linearly hardening
or softening plasticity law postulated at the section scale. Linear
differential equations are obtained for a second-order analysis
coupled to a linearly hardening or softening elastoplastic laws.
It is analytically shown that for all kinds of elastoplastic behav-
iors, hardening, perfectly plastic or nonlocal softening plasticity
laws, the plasticity phenomena lead to the global softening phe-
nomenon in the load–deﬂection diagram (a decrease of the load
once the plasticity phenomena are reached). The propagation of
the plasticity zone during the post-buckling process is analytically
characterized both for the hardening or the softening plasticity
laws.
As usually observed in case of local softening constitutive laws,
it is shown that the unphysical elastic unloading solution necessar-
ily occurs in presence of local softening moment–curvature consti-
tutive law (also called Wood’s paradox). A nonlocal plasticity
moment–curvature softening law is then incorporated to control
the localization branch in the post-buckling stage. This nonlocal
plasticity model is a two-scale nonlocal plasticity model that can
be cast in a micromorphic framework. This nonlocal plasticity
law includes for instance the explicit gradient plasticity law.
Higher-order plasticity boundary conditions are derived from an
extended variational principle. Some parametric studies ﬁnally
illustrate the interest and the main ﬁndings of the methodology.
They conﬁrm the continuity of the presented model according to
the plastic bending modulus of the column, i.e. between the linear
hardening and softening plasticity laws. Such model strongly
depends on the characteristic length of the macroscopic nonlocal
constitutive laws. These cross-sectional dependent characteristic
lengths of the nonlocal bending-curvature elastoplastic model are
typically macroscopic phenomenological parameters, that still
merit further calibration studies from the two-dimensional cross-
section failure mechanism.NomenclatureParameters Dimension Corresponding
dimensionless
parametersa characteristic
length (gradient
plasticity
parameter)[L] a ¼ a=LE young modulus [M.L1.T2] –
I area moment of
inertia
[L4] –kp plastic bending
modulus[M.L3.T2] kp ¼ kp=EIL length of the
column[L] –l0 length of the
plasticized zone[L] l0 ¼ l0=Llc characteristic
length (nonlocal
plasticity
parameter)[L] kc ¼ lc=LMp yield moment
(MP = EIjy)[M.L2.T2] jy ¼ MpL=EIP axial load [M.L.T2] b ¼ PL2=EI
x longitudinal
coordinate
[L] x ¼ x=Lw(x) deﬂection of the
column at x[L] w ¼ w=Lbf ﬁnal post-buckling
load– see Eq. (28)d tip deﬂection (free
end)[L] d ¼ wðLÞ=L ¼ wv total curvature of
the column[L1] v ¼ vLvp plastic curvature
of the column[L1] vp ¼ vpLvp nonlocal plastic
curvature[L1] see Eq. (46)jy yield curvature [L1] jY ¼ jYL
K – see Eq. (51)
qþ root with kp > 0 see
Eq. (20)
– qþ ¼ bð1þ 1=kpÞq1 positive root with
kp < 0 see Eq. (41)– q1 ¼x=2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2=4Þðqþ=k2c Þ
q
q2 Negative root with
kp < 0 see Eq. (41)
– q2 ¼x=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2=4Þðqþ=k2c Þ
q
u1 see Eq. (44)
u2 see Eq. (44)
x see Eq. (39)
f dimensionless
parameter of the
softening
evolution law– see Eq. (A-1) or Eq. (A-11)Appendix A
The aim of this part is to derive variationally-based boundary
conditions associated with the implementation of the higher-
order plasticity model. Following a variational procedure, the
natural and essential boundary conditions of the axially loaded
elastoplastic column will be deduced. We start from an
elastoplastic energy functional extended to nonlocal plasticity
by Challamel et al. (2010), and inspired by the micromorphic
4066 V. Picandet et al. / International Journal of Solids and Structures 51 (2014) 4052–4067approach developed for elastic and inelastic media, in a consis-
tent thermodynamic framework (Forest, 2009). A similar varia-
tional methodology was also presented by Challamel et al.
(2008) with an equivalent energy functional. The following
energy functional can be chosen for the buckling problem inves-
tigated in the paper:
W w;vp;vp
h i
¼
Z L
0
1
2
EI w00  vp
 2
 Pw
02
2
þMpvp þ
kp
2
v2p
þ kp
2
ðf 1Þ vp  vp
 2
þ kp
2
l2c f 1ð Þ vp 0
 2
dx ðA-1Þ
where f is a dimensionless parameter that appears in the hard-
ening/softening evolution law. The extended energy functional
depends on two additional nonlocal parameters, namely the
characteristic length, lc, and the dimensionless parameter, f.
These two parameters can be equivalently expressed with
respect to the two nonlocal length scales, lc, and a. W½w;vp;vp
depends on the deﬂection w(x), the plastic curvature vp(x) and
the nonlocal plastic curvature vpðxÞ, the last one can be under-
stood here as an independent variable. Following a classical pro-
cedure also used for explicit gradient plasticity models (see
Mühlhaus and Aifantis (1991) or de Borst and Mühlhaus
(1992)), the overall domain can be divided into a plastic domain
and an elastic one.
The ﬁrst variation of this functional leads to the extremal
condition:
dW w;vp;vp
h i
¼ 0; 8 dw; dvp; dvp
 
ðA-2Þ
This stationarity principle implicitly assumes the loading condi-
tion in the plasticity domain. This assumption is valid for mono-
tonic loading with increasing plasticity domain. Otherwise, the
loading/unloading conditions should be obtained from application
of a variational inequality principle, as shown for instance by
Nguyen (2000) for general elastoplastic evolutions (see also
Duvaut and Lions (1972) and the recent discussion in Jirásek
et al. (2013)).
dW w;vp;vp
h i
¼
Z L
0
EI w00  vp
 
dw00  Pw0dw0dx
þ
Z l0
0
EI w00  vp
 
dvp þMpdvp
þ kp fvp þ ð1 fÞvp
 
dvpdx kpðf 1Þ

Z l0
0
vp  vp þ l2cvp 00
 
dvp
þ kp
2
l2c ðf 1Þ vp 0dvp
h il0
0
¼ 0 ðA-3Þ
If the nonlocal plastic curvature vp is considered as an indepen-
dent variable, the variational equality valid whatever vp leads to
the coupled differential equation:
vp  l2cvp 00 ¼ vp ðA-4Þ
It is no more ambiguous that vp has the meaning of a nonlocal
plastic curvature, the spatial nonlocality being related to the
Green’s operator associated with the differential equation. There-
fore, the ﬁrst variation of the energy functional can be also simpli-
ﬁed as:
dW½w;vp ¼
Z L
0
Mdw00  Pw0dw0dx
Z l0
0
M  Mp þM
 
dvpdx
þ kp
2
l2c ðf 1Þ vp 0dvp
h il0
0
¼ 0 ðA-5Þwith the associated constitutive law for the elastic bending
moment–curvature relationship, and the nonlocal hardening/soft-
ening law:
M ¼ EI w00  vp
 
and M ¼ kp fvp þ ð1 fÞvp
 
ðA-6Þ
The extremal condition leads to the equilibrium equation and
the yield function:
M00 þ Pw00 ¼ 0 and M ¼ Mp þM ðA-7Þ
with the variationally-based boundary conditions:
MðLÞ ¼ 0; M0ðLÞ þ Pw0ðLÞ ¼ 0; wð0Þ ¼ w0ð0Þ ¼ 0
vp
0ð0Þ ¼ vp 0ðl0Þ ¼ vpðl0Þ ¼ 0
ðA-8Þ
The high-order boundary conditions of the nonlocal plasticity
model are included in these equations, and are applied at the
boundary of the elastoplastic domain.
The nonlocal plastic constitutive law appearing from the varia-
tional principle is based on a combination of the local plastic cur-
vature and the nonlocal plastic curvature.
M ¼ kp~vp with ~vp ¼ fvp þ ð1 fÞvp ¼ vp  fl2cvp 00 ðA-9Þ
Such a combination of local and nonlocal plastic variables was
initially proposed by Vermeer and Brinkgreve (1994) for softening
evolutions with a stress–strain three dimensional approach (see
also Jirásek and Rolshoven (2003)). In the present case, this model
can be also written in a differential format (see also Challamel et al.
(2008) and Challamel et al. (2010)):
M  l2cM
00 ¼ kp vp  fl2cv00p
h i
ðA-10Þ
This model can be also referred as an implicit gradient plasticity
model (see for instance Engelen et al. (2003)). For a softening evo-
lution, it has been shown by Challamel (2008) that the dimension-
less factor f should be negative:
M  l2cM
00 ¼ kp vp þ a2v00p
h i
with f ¼  a
2
l2c
6 0 ðA-11Þ
Even if efﬁcient from the localization properties, such a deﬁni-
tion of the regularization factor leads to a non deﬁnite positive
total energy functional introduced in Eq. (A-1).
Furthermore, it can be shown from the higher-order boundary
conditions that:
vp
0 ¼ 0 ) M0  kpfv0p ¼ EIðw000  v0pÞ þ kp
a2
l2c
v0p ¼ 0 ðA-12Þ
Hence, the higher-order boundary conditions can be expressed
with respect to the local variables namely the deﬂection and the
plastic curvature.
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